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Two novel statically indeterminate planar lattice materials are designed: a new Kagome cell (N-Kagome) and a stati-
cally indeterminate square cell (SI-square). Their in-plane mechanical properties, such as stiﬀness, yielding, buckling and
collapse mechanisms are investigated by analytical methods. The analytical stiﬀness is also veriﬁed by means of ﬁnite ele-
ment (FE) simulations. In the case of uniaxial loading, eﬀective modulus, yield strength, buckling strength and critical rel-
ative density are compared for various lattice structures. At a critical relative density, the collapse mode will change from
buckling to yielding. Elastic buckling under macroscopic shear loading is found to have signiﬁcant inﬂuence on failure of
lattice structures, especially at low relative densities. Comparison of the analytical bulk and shear moduli with the Hashin–
Shtrikman bounds indicates that the mechanical properties of the SI-square honeycomb are relatively close to being opti-
mal. It is found that compared with the other existing stretching-dominated 2D lattice structures, the N-Kagome cell pos-
sesses the largest continuous cavities for ﬁxed relative densities and wall thicknesses, which is convenient for oil storage,
disposal of heat exchanger, battery deploying and for other functions. And the initial yield strength of the N-Kagome cell
is slightly lower than that of the Kagome cell. The SI-square cell has similar high stiﬀness and strength as the mixed cell
while its buckling resistance is about twice than that of the mixed cell.
 2007 Elsevier Ltd. All rights reserved.
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In order to increase the eﬃciency of structure, reducing weight and enforcing load carrying capacity are
always the primary demand in design, especially for structures in aircraft and satellite. Recently, lightweight
structures including metal foams, honeycomb sandwiches and lattice structures have been popularly used in
engineering applications (Gibson and Ashby, 1997; Ashby et al., 2000; Smith et al., 2001), for their superior
properties of high relative stiﬀness and strength, energy absorbability and heat insulation.
Lattice structure is a kind of periodic trusses patterned like moleculelattice. Usually there is no ﬁlling in the
space between frames of those 2D or 3D constructions. Because of large value of interspace, suﬃcient quantity
of mass could be reduced. Hence the relative stiﬀness and relative strength are increased. With the same mate-0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.10.005
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Beside load carrying ability, the interspace in the frame constructions could be used for oil storage, battery
deploying and other functions. The prismatic cellular structure could also be used in convectional heat
exchanging (Ashby, 2000; Kim et al., 2004, 2005). Furthermore, repetitive truss has the potential application
in actuation and damped vibrations (Lu et al., 2005). The multifunctional characters provide lattice material
various usage in optimization design (Liu and Lu, 2004; Wicks and Hutchinson, 2001).
As a kind of lattice material, hexagonal honeycomb which has very low relative densities and elastic buck-
ling strength was proverbially focused. Gibson and Ashby (1997) presented basic results about ideal and com-
mercial hexagonal lattice. The initial plastic collapse and subsequent post-buckling of hexagonal aluminum
cell were analyzed by Papka and Kyriakides (1998), and both experiments and ﬁnite element analysis under
in-plane loading conditions were performed in their paper. Onck et al. (2001) and Andrews et al. (2001) inves-
tigated the specimen size eﬀects of hexagonal honeycomb. Elastic buckling of the hexagonal honeycomb was
studied by Gibson and Ashby (1997) and Zhang and Ashby (1992). Wang and McDowell (2003) analyzed the
imperfection inﬂuence for three kinds of honeycombs.
The in-plane mechanical performances of the bending-dominated cell structures, such as the hexagonal
honeycomb are inferior to that of the stretching-dominated structures, such as the triangular and Kagome
cells, especially at low relative densities. However, cells with slightly complicated patterns did not gain any
attentions for their manufacturing diﬃculties. Recently, a new kind of fabrication method named powder pro-
cessing technology has been developed by Lightweight Structures Group at Georgia Tech (Cochran et al.,
2000), and various kinds of complicated cells could be made by this approach. A ceramic paste is extruded
through a die, dried, and then reduced in a hydrogen atmosphere, resulting in metallic honeycomb structures.
Wang and McDowell (2004, 2005) systematically calculated the stiﬀness and strength of seven diﬀerent types
of cell patterns in both the principal directions and diagonal directions. Yield surfaces were also compared for
diﬀerent honeycomb structures in their paper. Hutchinson et al. (2003) analyzed the collapse mode of the Kag-
ome cell.
Recently, planar lattice structures with complicated cells have been focused on for diﬀerent kinds of appli-
cations, especially stretching-dominated cells, including statically determinate cells and statically indetermi-
nate cells. Note that the study on mechanical properties of statically indeterminate cells is still scarce.
Wang and McDowell (2004) calculated the stiﬀness and initial yield strength of the mixed cell in the principal
directions and diagonal directions. But the results of both collapse mode and yield surface of statically inde-
terminate cells have not been reported so far. Besides, very limited statically indeterminate cells have been con-
sidered in previous investigations.
In this paper, two novel statically indeterminate lattice structures are designed and their mechanical behav-
iors are analyzed. First in Section 2, the design of these two structures is introduced. Then the in-plane eﬀective
moduli of these two structures are analyzed, veriﬁed by FE simulations and also compared with the corre-
sponding Hashin–Shtrikman bounds in Sections 3 and 4. In Section 5, the yield surface and buckling surface
are calculated and the collapse mechanisms are analyzed. Finally in Section 6, the eﬀective mechanical prop-
erties of various lattice structures are compared under uniaxial loading conditions.
2. Design of two novel planar lattice structures
The work of Wang and McDowell (2004, 2005) indicates that the stiﬀness and yield surface of the Kagome
cell are all the same as those of the fully triangulated cell, while the buckling strength of the Kagome cell is
four times that of the fully triangulated cell. In order to illustrate this result, the resemblance of the conﬁgu-
ration between these two cells is analyzed. As shown in Fig. 1, the fully triangulated cell and the Kagome cell
are both composed of three groups of lines. The ﬁrst two groups of lines (solid line) are exactly the same, and
only the third group lines (dash line) are diﬀerent. The third group lines cross the intersections of the ﬁrst two
groups of lines for the triangular cell, while they cross the midpoints between the intersections for the Kagome
cell. With the same relative density and wall thickness, the strut length of the Kagome cell is only half that of
the triangular cell, thus the buckling strength of the Kagome cell is four times that of the triangular cell.
As shown in Fig. 1c, the conﬁguration of the mixed cell (Wang and McDowell, 2004), composed of four
groups of lines, is similar to that of the fully triangulated cell. The ﬁrst two groups of lines are horizontal
Fig. 1. The conﬁgurations of the (a) triangular, (b) Kagome, (c) mixed and (d) SI-square cells.
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According to the fact that the Kagome cell possesses higher buckling strength than the triangular cell, a novel
statically indeterminate square (SI-square) cell as shown in Fig. 1d is designed through making the last two
groups of lines cross the midpoints between the intersections of the ﬁrst two groups of lines. The calculations
given in Section 6 indicate that the buckling strength of this SI-square cell is about twice that of the mixed cell.
Besides, the utmost yield strength of the SI-square cell is calculated and found to be higher than the initial
yield strength of the Kagome cell. Therefore, the SI-square honeycomb is an excellent structure in load
carrying.
The conﬁguration of the SI-square cell can also be considered as the 2D degeneration from the 3D pyramid
lattice structure. A representative unit cell as sketched in Fig. 3a is employed for analyzing mechanical prop-
erties. The relative density of this cell is,r ¼ q

qs
¼ 2þ
ﬃﬃﬃ
2
p  t
l
; ð1Þwhere r is relative density, l wall length and t in-plane wall thickness. q* and qs are densities of the cell and the
solid material, respectively. The out-of-plane dimension of the honeycomb is noted as b.
Analogously, a new Kagome cell as shown in Fig. 2 can be also designed, which is called N-Kagome in this
paper. According to the analytical results in Section 6, for ﬁxed relative densities and wall thicknesses, the N-
Kagome cell has larger continuous cavities than the other existing stretching-dominated 2D lattice structures
(triangular, Kagome, diamond, mixed and SI-square cells), while the yield strength of the N-Kagome cell is
slightly lower than that of the Kagome cell. Therefore, the N-Kagome lattice structure is convenient for oil
storage, disposal of heat exchanger, battery deploying and for other functions, This honeycomb conﬁguration
is the 2D structure degenerated from the 3D Kagome lattice structure. The representative unit cell shown in
Fig. 4a is adopted in our analysis. Compared with the Kagome cell, the N-Kagome cell has three short struts
inside the triangle and its relative density isr ¼ q

qs
¼
ﬃﬃﬃ
3
p
þ 1
  t
l
; ð2ÞFig. 2. The conﬁgurations of (a) the Kagome cell and (b) the N-Kagome cell.
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3. In-plane eﬀective moduli in the principal directions
For honeycomb structures under diﬀerent kinds of in-plane loadings, three types of stress may exist inside
the cell walls: bending, tension or shear stress. The lattices dominantly subjected to tensional or compressive
stress are called stretching-dominated structures. As shown in Fig. 1, all of four lattice patterns, including the
triangular, Kagome, mixed and SI-square, belong to stretching-dominated honeycombs. In the present anal-
ysis, the material of cell walls is assumed to be perfectly elastic–plastic. Since the SI-square and N-Kagome
cells are both statically indeterminate structures, they may sustain residual stresses without any applied loads.
These parts of stresses are neglected in the analysis. Timoshenko’s beam and column theories (Timoshenko
and Gere, 1961; Gere and Timoshenko, 1984) are adopted, and each cell wall is simpliﬁed as a truss subjected
to only axial force.
3.1. Eﬀective moduli of the SI-square cell
As shown in Fig. 3c, under loading of a axial stress, r1, in the x1 direction, the internal forces of each strut
in the unit cell of the SI-square lattice structure are solved. Noting that the two struts in the same direction
have same internal forces, only four internal forces are considered. Let Ni be the internal force of ith strut,
i = 1. . .4, and the mark of each strut is shown in Fig. 3a. By employing the energy method, the internal forces
of each strut can be obtained, i.e.Fig. 3.
(c) theN 1 ¼ N 4 ¼ 2
ﬃﬃﬃ
2
p
2
r1bl; N 2 ¼ 
ﬃﬃﬃ
2
p
 1
 
r1bl; N 3 ¼ r1bl: ð3ÞThus, the equivalent strains in the x1 and x2 directions of the unit cell, e1 and e2, aree1 ¼ N 3EsA ; e2 ¼
N 2
EsA
; ð4Þwhere Es is Young’s modulus of the solid material and A = bt is the truss section area. From Eqs. (3) and (4),
the eﬀective modulus in the x1 direction and Poisson ratio, E

1 and m

12, can be calculated as following,E1
Es
¼ 0:293r; m12 ¼ 
e2
e1
¼ 0:414: ð5ÞBecause of symmetry, the eﬀective modulus in the x2 direction, E

2, is the same as that in the x1 direction, i.e.
E2=Es ¼ E1=Es ¼ 0:293r.(a) The unit cell of the SI-square lattice structure, (b) the deformation proﬁle of the unit cell under loading of a shear stress, s12, and
unit cell under a combined in-plane stress state.
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mined by the symmetrical and antisymmetrical conditions, i.e.N 1 ¼ s12bl; N 4 ¼ s12bl; Dl1 ¼ s12bl
2
EsA
ðcompressionÞ; Dl4 ¼ s12bl
2
EsA
ðtensionÞ; ð6Þwhere Dl1 and Dl4 are the deformations of 1st and 4th struts, respectively.
Considering the deformation proﬁle shown in Fig. 3b, in the range of inﬁnitesimal deformation the shear
strain, c, can be obtained as follow,c  2 tan c
2
¼ 2 1 tan h
1þ tan h ; ð7Þwhere h is the angle between the horizontal strut and inclined strut after deformation, and tan h ¼ lDl1lþDl4. From
Eqs. (6) and (7), one can easily get the shear modulus, G12, i.e.G12
Es
¼ 0:146r: ð8Þ3.2. Eﬀective moduli of the N-Kagome cell
As shown in Fig. 4b, consider a case that the unit cell of the N-Kagome lattice structure is under loading of
a axial stress, r1, in the x1 direction. By exploiting the energy method, the internal force in each strut and the
strains in the x1 and x2 directions are calculated as follows,N 1 ¼ N 2 ¼  3
ﬃﬃﬃ
3
p
6
r1bl; N 3 ¼ 7
ﬃﬃﬃ
3
p  3
6
r1bl; N 4 ¼ N 5 ¼ N 6 ¼
ﬃﬃﬃ
3
p  1
2
r1bl;
e1 ¼ 2þ 3
ﬃﬃﬃ
3
p
3þ ﬃﬃﬃ3p r1lEst ; e2 ¼
2þ ﬃﬃﬃ3p
3þ ﬃﬃﬃ3p r1lEst ;
ð9Þwhere Ni denotes the internal force of ith strut, i = 1. . .6, and the mark of each strut is shown in Fig. 4a. Thus
the eﬀective modulus in the x1 direction and Poisson ratio can be obtained,E1
Es
¼ 0:241r; m12 ¼
5þ 4 ﬃﬃﬃ3p
23
¼ 0:519: ð10ÞSimilarly, we can also have the solutions of the unit cell under uniaxial compression in the x2 direction and
under shear. The eﬀective modulus in the x2 direction and the shear modulus are,Fig. 4. (a) The unit cell of the N-Kagome lattice structure and (b) the unit cell under a combined in-plane stress state.
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Es
¼ 0:241r; G

12
Es
¼ 0:0793r: ð11ÞIt is clear that this N-Kagome cell is also transversely isotropic and the same as the Kagome cell.3.3. Veriﬁcation of FE simulations
Two-dimensional FE calculations are performed by use of the commercial software ABAQUS to validate
the analytical stiﬀness results. In the theoretical analysis, the struts are all assumed to be pin-jointed, while in
the FE simulations the struts are all rigid jointed. The eﬀective elastic moduli of the above two unit cells shown
in Figs. 3a and 4a are calculated. Beam elements (B32 in ABAQUS denotion) and very ﬁne meshes are
adopted to ensure accuracy. The periodic boundary conditions adopted in our FE calculations are as follows:
the unit cell faces are constrained to be ﬂat, parallel and mutually perpendicular. In the ABAQUS software
there is a function to complete the periodic boundary conditions. For the tensional modulus, the normal stress
is loaded and the eﬀective strain is obtained. For the shear modulus, the shear mode is imposed and then the
resultant stress is calculated. The relative density is changed by varying the wall thickness t for a ﬁxed strut
length l. The beam section is assumed to be rectangular and the material properties are Es = 100 GPa and
ms = 0.33.
Fig. 5 shows that the elastic modulus is linearly dependent on the relative density of the cell. It can be seen
that the analytical results are in good agreement with the FE data points. Considering that the joint assump-
tions are diﬀerent in the analytical theory and FE calculations, these two cell conﬁgurations are conﬁrmed to
be stretching-dominated structures. In the case of inﬁnitesimal deformation, the pin-jointed assumption used
here has suﬃcient accuracy in the analysis of stiﬀness.4. Comparison of elastic properties with the Hashin–Shtrikman bounds
The well-known Hashin–Shtrikman bounds can provide the best possible bounds on the eﬀective elastic
moduli and conductivity of isotropic two-phase composites for a given phase volume fraction (Hashin and
Shtrikman, 1963; Hashin, 1965). Generalization of the Hashin–Shtrikman bounds has been performed to
be applicable for macroscopically anisotropic composites by several investigators (Kantor and Bergman,
1984; Francfort and Murat, 1986; Milton and Kohn, 1988). In this section, the concise form of Hashin–Shtrik-
man bounds generalized by Milton and Kohn (1988) is adopted to bound the bulk and shear moduli of the
two-dimensional macroscopically isotropic N-Kagome cell and anisotropic SI-square cell. Note that for cel-
lular materials, the lower bound is a constant (Milton and Kohn, 1988; Hyun and Torquato, 2000), so only
the upper bound can be discussed.
For the two-dimensional macroscopically isotropic N-Kagome cell, the linear constitutive relations can be
written asFig. 5. The elastic moduli of the SI-square cell and the N-Kagome cell.
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where k* and G* are the eﬀective bulk and shear moduli of the lattice material. rab and eab are stress and strain
components, a, b = 1,2. dab is the Kronecker delta. Let ks and Gs be the bulk and shear modulus of the solid
material, respectively. Noting that the volume fraction of the solid material is just equal to the relative density,
r, the Hashin–Shtrikman upper bounds on the eﬀective moduli of the N-Kagome cell can be given byk
ks
6 1 ms
2 r  msr r;
G
Gs
6 1þ ms
4 3r þ msr r: ð13ÞIt should be explained that these two bounds (Eq. (13)) have no diﬀerence with those of the other macroscop-
ically isotropic cellular solid.
For the two-dimensional macroscopically anisotropic SI-square cell, the square symmetry dictates that the
linear constitutive relation can be written asr11 ¼ ðk þ GpÞe11 þ ðk  GpÞe22; r22 ¼ ðk  GpÞe11 þ ðk þ GpÞe22; r12 ¼ 2G12e12; ð14Þ
where Gp is a quantity that equals to E

1=2ð1þ m12Þ. The generalized Hashin–Shtrikman upper bounds on the
eﬀective moduli of the SI-square cell are given byk
ks
6 1 ms
2 r  msr r; Ge ¼
1
1 G12Gs
þ 1
1 GpGs
6 2þ 1þ ms
2
r
1 r ; ð15Þwhere Ge is simply a symbol for a combination of shear modulus, and the explicit bounds for only G

12=Gs or
only Gp/Gs cannot be obtained from this generalized bounds. The lower bounds are 2 for Ge and zero for k* of
the SI-square cell, and zero for k* and G*of the N-Kagome cell.
In the low-density limit (r! 0), these four bounds (Eqs. (13) and (15)) become
k
ks
6 1 ms
2
r;
G
Gs
6 1þ ms
4
r ðfor the N-Kagome cellÞ; ð16Þ
k
ks
6 1 ms
2
r; Ge ¼ 1
1 G12Gs
þ 1
1 GpGs
6 2þ 1þ ms
2
r ðfor the SI-square cellÞ: ð17ÞIn Section 3, the analytical results related to the modulus and Poisson ratio already are given. Thus, ana-
lytical results of the bulk modulus and the shear modulus of these two cells can be obtained as follows:k
ks
¼ 1 ms
2
r;
G
Gs
¼ 0:159ð1þ msÞr ðfor the N-Kagome cellÞ; ð18Þ
k
ks
¼ 1 ms
2
r; Ge ¼ 1
1 G12Gs
þ 1
1 GpGs
¼ 2þ
2
ﬃﬃ
2
p
2
ð1þ msÞr
1 2
ﬃﬃ
2
p
2
ð1þ msÞr
þ
ﬃﬃ
2
p
1
2
ð1þ msÞr
1
ﬃﬃ
2
p
1
2
ð1þ msÞr
ðfor the SI-square cellÞ: ð19ÞA comparison of the analytical bulk and shear moduli and the corresponding Hashin–Shtrikman upper
bounds for these two cells are demonstrated in Fig. 6. It can be seen from Fig. 6a that the analytical results
for both the bulk modulus, k*, and the combination of shear modulus, Ge, of the SI-square cell are approx-
imately the same as those of the Hashin–Shtrikman upper bound at low relative densities (r < 0.1). The rela-
tively slight reduction of the analytical results at high relative densities (r > 0.1) is mainly due to the excessive
estimates of relative densities by the linear relation with t/l. Thus it can be considered that the SI-square lattice
attains the Hashin–Shtrikman upper bounds on both the bulk and shear moduli approximately. However, the
N-Kagome lattice only achieves the bulk modulus upper bound. The reason why the shear modulus upper
bound is not achieved for the N-Kagome lattice is that the short struts within the triangles do not bear
any load when the unit cell is under shear loading. Therefore, it is indicated that both the values of the bulk
Fig. 6. Eﬀective bulk and shear moduli of (a) the SI-square cell and (b) the N-Kagome cell versus the relative densities (ms = 0.3).
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honeycomb.
5. Yield surface, buckling surface and collapse analysis
For applications of the SI-square and N-Kagome cells, the yield and buckling surface equations of both the
two cells are calculated, and the collapse analyses are also performed in this section.
5.1. Yield surface
Consider a case that the unit cells of both the SI-square and N-Kagome lattices are subjected to the in-plane
axial stresses r1 and r2 in two orthogonal directions, and shear stress, s12, as shown in Figs. 3c and 4b. The
internal forces within each strut are calculated by superposition of biaxial tension and shear for both the two
cells, which are given byN 1 ¼ 2
ﬃﬃ
2
p
2
ðr1 þ r2Þbl s12bl; N 2 ¼ 
ﬃﬃﬃ
2
p  1 r1blþ r2bl
N 3 ¼ r1bl
ﬃﬃﬃ
2
p  1 r2bl; N 4 ¼ 2 ﬃﬃ2p2 ðr1 þ r2Þblþ s12bl ðSI-squareÞ; ð20Þ
N 1 ¼ bl  3
ﬃﬃ
3
p
6
r1 þ 5
ﬃﬃ
3
p 3
6
r2  2s12
 
; N 2 ¼ bl  3
ﬃﬃ
3
p
6
r1 þ 5
ﬃﬃ
3
p 3
6
r2 þ 2s12
 
N 3 ¼ bl 7
ﬃﬃ
3
p 3
6
r1  3þ
ﬃﬃ
3
p
6
r2
 
; N 4 ¼ N 5 ¼ N 6 ¼
ﬃﬃ
3
p 1
2
ðr1 þ r2Þbl
ðN-KagomeÞ: ð21Þ
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yields. Therefore, the initial yield equation of the SI-square cell or N-Kagome cell honeycomb is given bymax
jNij
btrys
 1
 
¼ 0; i ¼ 1 . . . 4: ð22ÞThe full expressions of normalized initial yield surface equations for the two cells are obtained by substituting
Eqs. (20) and (21) into Eq. (22), i.e.max
r1
rrys
þ r2rrys
 
 2þ ﬃﬃﬃ2p  s12rrys
			 			 1 ;  ﬃﬃﬃ2p r1rrys þ 2þ ﬃﬃﬃ2p  r2rrys
			 			 1 ;
r1
rrys
þ r2rrys
 
þ 2þ ﬃﬃﬃ2p  s12rrys
			 			 1 ; 2þ ﬃﬃﬃ2p  r1rrys  ﬃﬃﬃ2p r2rrys
			 			 1 
8><
>:
9>=
>; ¼ 0 ðSI-squareÞ; ð23Þ
max

ﬃﬃ
3
p
3
r1
rrys
þ 6þ
ﬃﬃ
3
p
3
r2
rrys
 2 1þ ﬃﬃﬃ3p  s12rrys
			 			 1;

ﬃﬃ
3
p
3
r1
rrys
þ 6þ
ﬃﬃ
3
p
3
r2
rrys
þ 2 1þ ﬃﬃﬃ3p  s12rrys
			 			 1;
9þ2
ﬃﬃ
3
p
3
r1
rrys
 3þ2
ﬃﬃ
3
p
3
r2
rrys
			 			 1
8>>><
>>:
9>>>=
>>;
¼ 0 ðN-KagomeÞ: ð24ÞHere, it should be explained that for the N-Kagome cell, the value of jN4j is never maximal among jNij,
i = 1. . .4, which means the three short struts inside the triangle (the 4th, 5th and 6th struts) will never yield
earlier than other struts under any applied stresses. Therefore, the yield surface equation of the N-Kagome
cell can be simpliﬁed as the form of Eq. (24).
Beside the above yield surfaces for in-plane stress state, the yield surface for triaxial loading could also be
obtained using the method employed by Wang and McDowell (2005). Here, only the yield surfaces of the tri-
axial tension or triaxial compression conditions are analyzed. The unit cell is subjected to triaxial normal stres-
ses, r1, r2 and r3, along the x1, x2 and x3 directions, respectively. The corresponding initial yield surface
equations are given as followsmax
r1
rrys
þ r2rrys
 2
 r1rrys þ
r2
rrys
 
r3
rrys
þ r3rrys
 2				
				 1
 
;
ﬃﬃﬃ
2
p
r1
rrys
 2þ ﬃﬃﬃ2p  r2rrys
h i2
þ ﬃﬃﬃ2p r1rrys 2þ ﬃﬃﬃ2p  r2rrys
h i
r3
rrys
þ r3rrys
 2				
				 1
 
;
2þ ﬃﬃﬃ2p  r1rrys  ﬃﬃﬃ2p r2rrys
h i2
 2þ ﬃﬃﬃ2p  r1rrys  ﬃﬃﬃ2p r2rrys
h i
r3
rrys
þ r3rrys
 2				
				 1
 
8>>>><
>>>>:
9>>>>=
>>>>;
¼ 0 ðSI-squareÞ; ð25Þ
max
ﬃﬃ
3
p
3
r1
rrys
 6þ
ﬃﬃ
3
p
3
r2
rrys
 2
þ
ﬃﬃ
3
p
3
r1
rrys
 6þ
ﬃﬃ
3
p
3
r2
rrys
 
r3
rrys
þ r3rrys
 2				
				 1
 
;
9þ2 ﬃﬃ3p
3
r1
rrys
 3þ2
ﬃﬃ
3
p
3
r2
rrys
 2
 9þ2
ﬃﬃ
3
p
3
r1
rrys
 3þ2
ﬃﬃ
3
p
3
r2
rrys
 
r3
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¼ 0 ðN-KagomeÞ: ð26ÞThe analytical yield surfaces of the SI-square cell and the N-Kagome cell are shown in Fig. 7, in the space of
normalized stress. Both the two initial yield surfaces are closed, convex and anisotropic. Due to the dominance
of cell wall stretching, the yield surfaces consist of only planar facets. The initial yield surface equation of the
mixed cell is calculated by use of the same method. It has the same shape as that of the SI-square cell, and the
diﬀerence only exists in surface directions. If one of the cells is rotated an angle of p/4, the two initial yield
surfaces will be exactly the same.
It is noted that the initial yield surface of the N-Kagome is slightly smaller than that of the Kagome cell
(Wang and McDowell, 2005). But in the condition of the same relative density and wall thickness, the N-Kag-
ome cell can provide more usable interspace, especially for the situation of plane strain state, which can be
employed for oil storage, disposal of heat exchanger, battery deploying and for other functions. At the expense
of slight decrease of the loading carrying ability of the Kagome lattice, the N-Kagome lattice has potential
application in multifunction designs, especially when a large interspace is needed.
Fig. 7. The initial yield surfaces of (a) the SI-square cell and (b) the N-Kagome cell.
3760 Y.H. Zhang et al. / International Journal of Solids and Structures 45 (2008) 3751–37685.2. Buckling surface
Still consider the applied stress state shown in Figs. 3c and 4b, and the unit cell is assumed to buckle if any
strut inside the cell buckles. According to the results of Timoshenko and Gere (1961), the buckling load, Tcr,
for one strut within the unit cell is given by T cr ¼ n2p2EsIl2 , where I is the moment of inertia (I = bt3/12), and n is
the end constraint factor which depends on the degree of constraint to rotation at the end nodes. The cells of
the lattice materials may buckle in many diﬀerent modes and it is complicated to analyze them completely for
each lattice. For the stretching-dominated structures, we make such an approximation that the buckling mode
of the periodic lattice is near to that of the ﬁxed–ﬁxed boundary conditions (n = 2). Based on the approxima-
tion of taking n = 2, the calculation of buckling loads corresponds to the upper bounds to the buckling
strengths. To simplify the problem, the ﬁxed–ﬁxed boundary conditions (n = 2) are assumed for predictions
of the buckling loads of all the stretching-dominated lattices in this paper. For the triangular lattice, the pre-
dictions of buckling loads by taking n = 2 are very close to the precise results. But for the Kagome lattice, the
predictions of buckling loads by taking n = 2 are not as accurate as that of the triangular lattice (Hutchinson
et al., 2003). Thus, the buckling conditions for each strut are given by,Ni ¼ T icr; i ¼ 1 . . . 4; ð27Þ
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i
cr is the buckling load of ith strut, that is,
T 1cr ¼ T 4cr ¼ 13 p2Esb t
3
l2
and T 2cr ¼ T 3cr ¼ 23p2Esb t
3
l2
for the SI-square cell, and T 1cr ¼ T 2cr ¼ T 3cr ¼ 13 p2Esb t
3
l2
and
T 4cr ¼ p2Esb t
3
l2
for the N-Kagome cell.
The buckling surface equation of the unit cell corresponds to the buckling equation of the ﬁrst buckling
strut. Therefore, the buckling equation can be given byminðNi þ T icrÞ ¼ 0; i ¼ 1 . . . 4: ð28Þ
The full expressions of the buckling surface equations of the two cells are given bymin
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>; ¼ 0 ðN-KagomeÞ: ð30Þ5.3. Collapse analysis
The collapse analysis is performed considering both the eﬀect of buckling and initial yielding in the condi-
tion of in-plane stress state, and the tensional and compressive yield strength are assumed to be the same. At
low relative densities the honeycomb tends to collapse due to buckling. As the relative density increases, the
collapse mode gradually changes to plastic yielding. Figs. 8 and 9 show the collapse surfaces of the SI-square
cell and N-Kagome cell under diﬀerent kinds of applied stresses, with the material constants rys/Es = 10
3 and
the relative density r = 0.05 and 0.025. Since the collapse analyses of the two cells are similar, only the SI-
square cell is taken for detailed discussion.
Fig. 8a shows the collapse surface of the SI-square cell in the stress space of r1 and r2, with the material
constants rys/Es = 10
3 and the relative density r = 0.05. In this case the collapse is the combined eﬀect of
both buckling and initial yielding. As shown in Fig. 8a the buckling surface is not close since all struts inside
the unit cell will be in tension when the proportion of the external applied stresses, r1/r2, is in a certain range.
When the external applied stresses, r1 and r2, are in the domain between the lines OB and OC, the buckling of
the unit cell is earlier than yielding, and thus it collapses due to buckling. When the external applied stresses,
r1 and r2, are in the other domain, the unit cell collapses due to yielding. Therefore, the admissible domain for
the external applied stresses, r1 and r2, is the internal region of ABCDEA as shown in Fig. 8a.
Since the initial yield surface of the SI-square honeycomb possesses the 4-fold rotational symmetry, the
yield surface under the stress space of r1 and s12 is the same as that under the stress space of r2 and s12, as
shown in Fig. 8b. Since there is no contribution of the applied stress s12 to the internal forces in the 2nd
and 3rd struts (see Eq. (20)), the buckling curves of the 2nd and 3rd struts are both vertical, for which the buck-
ling surface under the stress space of r1 and s12 is closed. The admissible domain is the internal region of ABC-
DEFA in Fig. 8b.
Keep the material parameter, rys/Es, unchanged and reduce the relative density, r, to 0.025, and then the
buckling will be more likely to occur in the honeycomb, as shown in Fig. 8c and d. In the stress space of r1 and
s12 or r2 and s12, the collapses are governed only by buckling.
As can be seen from Fig. 8b and d, if there exists only the external applied shear stress, s12, the buckling of
this honeycomb will be earlier than yielding, which means the honeycomb collapses due to shear buckling. In
fact, the shear buckling also exists in other kinds of planar lattice structures, and it has great inﬂuence on col-
lapse at low relative densities. However, to the best of our knowledge, the shear buckling of lattice structures
has not been considered in the previous work.
In Fig. 8, the relative densities of the SI-square cells are r = 0.05 and r = 0.025. It is clear if the relative
density of the SI-square cell is bigger than the value of about 0.06, the collapse mode will be yielding only,
and the ﬁgures are omitted here.
Fig. 8. The collapse surfaces of the SI-square cell in the stress spaces of r1, r2 and r1 or r2, s12 (rys/Es = 10
3, r = 0.05 and 0.025).
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In order to compare mechanical properties of various cells, the eﬀective elastic modulus, yield strength and
elastic buckling strength under in-plane uniaxial loading are calculated. The eﬀective elastic modulus in an
arbitrary direction can be obtained by the axis-rotation formulas. Degenerated from the results of the yield
surface and buckling surface equations, the uniaxial yielding and buckling strength in an arbitrary direction
can also be calculated.
Under uniaxial loading, a critical relative density is deﬁned in order to describe the transform of the col-
lapse mode from buckling to yielding. The uniaxial initial yield strength, rplðhÞ, in the h direction is linearly
dependent on the relative density, r, the yield stress of cell material, rys, and a function (f1(h)) that is only
dependent on h. Therefore, rplðhÞ can be given as follow (Wang and McDowell, 2004, 2005),rplðhÞ ¼ rysf1ðhÞr: ð31ÞSimilarly, the uniaxial buckling strength, reðhÞ, in the h direction can be given by
reðhÞ ¼ Esf2ðhÞr3; ð32Þwhere f2(h) also is a function only dependent on h. From Eqs. (31) and (32), the critical relative density, rcr(h),
can be obtained by making the uniaxial initial yield strength equal to the uniaxial buckling strength, i.e.
Fig. 9. The collapse surfaces of the N-Kagome cell in the stress spaces of (a) r1, r2 (b) r1, s12 and (c) r2, s12 (rys/Es = 10
3, r = 0.05 and
0.025).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rys
Es
f1ðhÞ
f2ðhÞ
s
: ð33ÞSince the functions, f1(h) and f2(h), are determinate for given lattice structures, the critical relative density is a
natural property of the lattice structures. Possessing higher critical relative density means that the buckling
collapse is more likely to occur in the unit cell. From Eq. (33), one can ﬁnd that the critical relative density
depends on the loading direction and can be obtained using the results of uniaxial yielding and buckling
strength.6.1. Anisotropy of in-plane mechanical properties of the SI-square cell
The eﬀective elastic modulus of the SI-square cell in the direction of the angle (h) with the x1 direction is
given byEðhÞ
Es
¼ 2
ﬃﬃﬃ
2
p
2
1
1 2 ﬃﬃﬃ2p  1  sin2 h cos2 h r; 0 6 h 6
p
4
 
: ð34ÞDue to the 4-fold rotational symmetry of the unit cell, only the expression in the range of 0 6 h 6 p
4
is given.
Therefore, the maximum and minimum eﬀective moduli are,
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; 3p
4
; ð35Þ
Emin
Es
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1
Es
¼ E
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2
Es
¼ 0:293r; h ¼  p
2
; 0; p: ð36ÞSince the problem of the unit cell under the uniaxial applied tensional stress, r, in the h direction is equiv-
alent to that under the applied stresses, r1 = rcos
2h, r2 = r sin
2h and s12 = rsinhcosh, the uniaxial initial
yielding strength, rplðhÞ, in the h direction can be calculated using the initial yield surface equation, Eq.
(23), i.e.rplðhÞ
rys
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: : ð37ÞFrom the above equations, we can get the initial yield strength in the principal directions,rpl1
rys
¼ r

pl2
rys
¼ 0:293r; r

diagpl
rys
¼ 0:369r; ð38Þwhere rdiagpl is the initial yield strength in the diagonal directions. The values of the maximum and minimum
uniaxial initial yielding strength are,rplmax
rys
¼ 0:418r; h ¼ np
2
 0:152p; n ¼ 1 . . . 4
 
; ð39Þ
rplmin
rys
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2
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: ð40ÞSimilarly, the uniaxial buckling strength, reðhÞ, in the h direction can be obtained as follow,reðhÞ
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>: ð41ÞThe buckling strength in the principal directions are,re1
Es
¼ r

e2
Es
¼ 0:165r3; r

diage
Es
¼ 0:104r3; ð42Þwhere re1, r

e2 and r

diagpl are the buckling strength in the x1, x2 and diagonal directions, respectively. The values
of the maximum and minimum uniaxial buckling strength are,remax
Es
¼ 0:174r3; h ¼ np
2
 0:0596p; n ¼ 1 . . . 4
 
; ð43Þ
remin
Es
¼ 0:104r3; h ¼ np
2
 p
4
; n ¼ 1 . . . 4
 
: ð44Þ6.2. Anisotropy of in-plane mechanical properties of the N-Kagome cell
Since the N-Kagome cell is transversely isotropic, the eﬀective elastic modulus E*(h) in the h direction is
always equal to 0.241rEs.
The uniaxial initial yielding strength, rplðhÞ, in the h direction can be calculated using the initial yield sur-
face equation, Eq. (24), i.e.rplðhÞ
rys
¼ 6þ 4
ﬃﬃﬃ
3
p
1þ ﬃﬃﬃ3p  16þ 8 ﬃﬃﬃ3p  cos2 h 5 3 ﬃﬃﬃ3p
  r; 0 6 h 6 p6
 
: ð45ÞFrom the above equations, the initial uniaxial initial strength in the x1, x2 directions are,
Table
Compa
Unit c
E*/(rE
G12=ðr
re=ðr3
rpl=ðrr
spl12=ð
Xr2/t2
Note:
Y.H. Zhang et al. / International Journal of Solids and Structures 45 (2008) 3751–3768 3765rpl1
rys
¼ 0:241r; r

pl2
rys
¼ 0:388r: ð46ÞSimilarly, the uniaxial buckling strength, reðhÞ, in the h direction can be obtained as follows
reðhÞ
Es
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: ð47ÞThe uniaxial buckling strength in the x1, x2 directions are given by,re1
Es
¼ r

emin
Es
¼ 0:106r3; r

e2
Es
¼ r

emax
Es
¼ 0:171r3: ð48Þ6.3. Comparison of in-plane mechanical properties for six lattice cells
The eﬀective elastic moduli, initial yielding strength, buckling strength, and critical relative density under
uniaxial loading in arbitrary directions of ﬁve cell patterns, including the triangular, Kagome, mixed, SI-
square and N-Kagome cells, are calculated. The full expressions of mechanical properties of three cells are
listed in Appendix. Besides, the values or scopes of mechanical properties for these 2D lattice structures are
listed in Table 1 for comparison.
According to Eqs. (35) and (36), the average of the maximum and minimum eﬀective moduli of the SI-
square cell is equal to the eﬀective modulus of the Kagome cell, which indicates that the average stiﬀness
of these four cells are equally high. Among these lattice cells, the Kagome lattice possesses much higher sta-
bility. In Fig. 10c, the normalized buckling strength of the Kagome cell is more than twice that of the other
cells. From Fig. 10d, one can ﬁnd that the critical relative density of the Kagome cell is very low, which means
the failure of the Kagome cell will be yielding collapse at lower relative density. For the triangular and mixed
cells, the uniaxial admissible applied stresses will be much lower when the relative densities are lower than
0.05, compared with the other two cells.
Due to slight diﬀerence in conﬁguration, the eﬀective modulus and yield strength are diﬀerent for the mixed
cell and the SI-square cell. Note that the diﬀerence only exists in the cavity directions. If one cell is rotated an
angle of p/4, the eﬀective modulus and yield strength of these two cells will be exactly the same. However, it
should be noted that the stability of the SI-square cell is about twice than that of the mixed cell. It can be seen
from Table 1 that compared with the Kagome cell, the stiﬀness of the SI-square cell is as high as that of the
Kagome cell, and the initial yield strength of the SI-square cell is a little low. However, diﬀerent from the Kag-
ome cell, the SI-square cell is still able to sustain further load after initial yielding, and the utmost yield
strength of the SI-square cell is calculated and found to be higher than the initial yield strength of the Kagome
cell. Therefore, the SI-square honeycomb is an excellent structure in load carrying.
Compared with the Kagome cell, the eﬀective stiﬀness, yield strength and buckling strength of the N-Kag-
ome cell are slightly lower. However, compared with the other existing stretching-dominated 2D lattice struc-
tures (triangular, Kagome, diamond, mixed and SI-square cells), the N-Kagome cell possesses the largest1
rison of mechanical properties for various 2D lattice structures
ell
s) 0.333 0.333 0.293–0.369 0.293–0.369 0.241
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X denotes the area of the largest continuous cavity of lattice structure.
Fig. 10. Normalized properties of (a) elastic modulus, (b) yield strength, (c) buckling strength and (d) critical relative density of four cells
under uniaxial loading (rys/Es = 10
3).
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structures (see Table 1). Therefore, the N-Kagome lattice structure is convenient for oil storage, disposal of
heat exchanger, battery deploying and for other functions.
7. Conclusions
Based on the considerations to enhance the stability and other properties of the mixed cell and the Kagome
cell, two novel 2D lattice materials noted as SI-square cell and N-Kagome cell are designed in this paper. Their
mechanical properties are investigated by analytical methods, including stiﬀness, yield surface, buckling sur-
face and collapse mechanisms. The analytical eﬀective stiﬀness is veriﬁed by means of FE simulations. Some
conclusions related to their mechanical properties can be drawn as follows:
(1) The collapse analysis indicates that the elastic buckling of lattice structures under macroscopic shear load-
ing, which have not been considered before, will have prominent inﬂuence, especially at low relative den-
sities. The critical relative density, deﬁned under uniaxial loading, is a natural property of the lattice
structures.
(2) For the SI-square honeycomb, both the bulk modulus, k*, and the combination of shear modulus, Ge,
are relatively close to the corresponding optimal values.
(3) It is found that the proposed SI-square cell has similar high stiﬀness and strength as those of the mixed
cell while its buckling resistance is about twice that of the mixed cell, which indicates that the SI-square
honeycomb is an excellent structure in load carrying.
(4) The yield strength of the N-Kagome cell is slightly lower than the Kagome cell in all directions. But com-
pared with the other existing stretching-dominated 2D lattice structures, the N-Kagome cell possess the
largest continuous cavities at ﬁxed relative densities and wall thicknesses, with an area that is twice than
that of the other lattice structures, which is convenient for oil storage, disposal of heat exchanger, battery
deploying and for other functions.
Y.H. Zhang et al. / International Journal of Solids and Structures 45 (2008) 3751–3768 3767The two planar lattice materials proposed in this paper both possess special mechanical properties, which
provide some available choices in lightweight structure design.
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Appendix A. Eﬀective material properties of three repetitive cells under uniaxial loading
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